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Abstract, Itis shown that the ratios of certain triplet order parameters to magnetisation in
honeycomb and diamond lattice Ising models can be easily calculated. Applying the
star-triangle transformation reproduces the result obtained by Baxter on the triangular
lattice. The new derivation indicates that exact solutions for triplet order parameters are
of only limited use as checks on series expansions.

1. Introduction

There have recently been several investigations of three-spin order parameters in
Ising models with two-spin interactions (Baxter 1975, Wood and Griffiths 1976,
Barber 1976), largely as a parallel to investigations of two-spin order parameters in
Ising models with three-spin interactions (Baxter et al 1975). The most general result
is that in two-spin interaction ferromagnetic Ising models, any three-spin expectation
will vanish at the critical point with the same critical exponent as the magnetisation
(Barber 1976). Special cases are the exact result of Baxter (1975) (for three neigh-
bour spins on a triangular lattice) and the series expansion work of Wood and Griffiths
(1976) on Bcc and rcc lattices. On the triangular lattice the three-site order
parameter is of interest as it is related to clustering properties of the Ising model as
described in appendix 2.

Baxter (1975) obtained the solution for Ms = (0010011} On the triangular lattice
by using the method of Pfaffians to obtain the large-# limit of

<0'00(7100'110nn>/<0u0'nn> -> <0'000'100'11>/<0'11> =R.

The main result of the present paper is that this ratio, R = M;/M can be calculated in
a simple direct manner and that on honeycomb and diamond lattices, similar ratios
can be found for two distinct triplet order parameters. The method used is related to
conditional probability characterisations of the Ising model used by statisticians and is
also related to the method of partial generating functions used by Sykes et al (1973) to
obtain series expansions. One consequence of this latter connection is that exact
solutions for M5 and M cannot be regarded as being independent tests of series
expansions obtained using the method of partial generating functions.

The following section contains the algebraic form of the derivation of triplet
order parameters. The connection with the method of partial generating functions
is sketched briefly in the final section. Appendix 1 gives an interpretation of the
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1738 1 G Enting

calculations in terms of probability distributions defined on Ising models. Appendix 2
derives the connection between M; and triangular lattice cluster properties.

2. Calculation of triplet order parameters

The simplified derivation of triplet order parameters relies heavily on the fact that
certain crystal lattices can be divided into two sublattices A and B such that A sites
have only B sites as neighbours. This approach leads us to express the Hamiltonian of
the honeycomb lattice Ising model as

Ey= ZA Eu(r)

= Y (Lio(r)a(r+a)+Loo(r)a(r +b)+ Lia(r)a(r +c)). (D

reA

To calculate spin expectation values we use the expressions
(o) = Z"{Z}f({tr}) exp(— En/kT) 2)

where the sum is over all configurations of all spins o(r) in the system (o (r)=£1).

If one focuses attention on a particular A site, ro and its three neighbours and only
considers expectations of functions of the four spin variables o(ro), o(ro+a),
o(rot+bh), olro+c), then the sum in (2) can be rearranged giving

fley=2 ¥ ¥ Y [fdopexp(—Enlro)/kT)/G(ro)

alro) o(rg+a) o(ro+b) o(ro+c)

XF(og(ro+a),o(rg+b),o(ro+c))] (3)
where F and G(ro) are functions of o(ro + @), o(ro +b), o(ro +¢) given by

G(ro) = (Z)eXp(—EH(ro)/ kT) 4)
F(O'(r0+a), O'(I'o'f'b), 0'(r0+c)) =Z'exp(—EH/kT+EH(ro)/kT)G(r0)/Z (5)

o

where the sum 2’ is over all configurations of all spins except o (ro) and its neighbours.
The various terms in expressions (2), (3) and (5) have natural interpretations in
terms of probability distributions. This aspect of the work is discussed in appendix 1.
F is actually independent of o (ro) as can be seen by inspection of equations (4) and
(5). The most general possible form for F is

Acg(rota)+Bo(ro+b)+ Co(rog+c)+Da(ro+a)o(ro+b)o(ro+ec)

+go+gio(rota)a(ro+b)+go(ro+a)o(ro+c)

+ gso(ro+b)o(re+c). (6)
Substituting this form of F into (3) gives

(o{ro+a))=8A (7a)

(c(ro+b))=8B (76)

{o(ro+c¢))=8C (7¢)
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(re))=QRa—-1)2A+2B+2C+2D)+ (2B, —1)(-2A+2B +2C—-2D)

+(2B8,—1)(2A ~2B +2C - 2D)+ (285~ 1)(+2A +2B —2C —2D)
(7d)

(olro+a)o(ro+b)o(ro+c))=8D (8a)
(o(ro+a)a(ro+b)o(ry))=(2a —1)(2A+2B +2C +2D)
+(2B:—1)(-2A+2B +2C —-2D)—-(2B:~- 1)(2A-2B +2C -2D)

—(2B3— 1)(+2A+2B~-2C—-2D) (8b)
a=1/(1+212523) (9a)
B1=z:/(zi +212223/2:) (9b)
z; =exp(—2L;/kT). (9¢)

If the four single-spin expectations are known then equations (7a)}~(7d) can be
regarded as four simultaneous equations in the unknowns A, B, C, D, and are
applicable to any group of four spins for which Ewu(ro) as given by (1) is the only
interaction between o (o) and the rest of the system. If we consider the thermodynamic
limit of a honeycomb lattice then we can put

(o(ro)) = (a(rot+a)) ={o(ro+b))=(o(rotc) =M

whence A=B =C.
Similarly

(glro+a)a(ro+b)a(ro+c))=Ms; (10a)
and because A = B = C we have the somewhat surprising result that
(o(ro)o(ro+alo(ro+bd)) = (o(rdo(ro+a)a(ro+c))

=(a(ro)o(ro+b)o(ro+c)) = M3

(10b)

In other words, even on anisotropic honeycomb lattices, triplet order parameters of
the forms given in (1056) do not show any anisotropy.
Solving the simultaneous equations gives

R=M;/M=B+3a-5/B—a—-1) (11a)

R*=MF/M =8aB -58—15a+9)/3(B—a —1) (11b)
where

B=pB1+B2+Bs. (11c)

R can also be written as

3 tanh(Kl +K2+K3) +tanh(K1 +K2— K3)
R = +tanh(K; — K, + K;3) + tanh(— K; + K> + K3) + 4
tanh(K1 +K2 - K3) +tanh(K1 "‘Kz +K3)
+tanh(—K1 +K2+K3) - tanh(Kl +K2 +K3)

There is a well known transformation (the star-triangle transformation) connecting

(12)
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honeycomb lattice Ising models to triangular lattice Ising models. In terms of proba-
bility distributions it corresponds to performing a partial sum over the probability
distribution for a honeycomb lattice Ising model and showing that the result is the
probability distribution for a triangular lattice Ising model. The sum is over all
configurations of A sublattice spins so that any expectation of B sublattice spins such
as M ={o(ro+a)) or M; will be left invariant. The three triangular lattice inter-
actions Jy, J,, J5 are given by

sinh*(2Ji/kT) = 4(S15383)/ A*S? (14a)
where

A*=4(ST+83+83+2C,C,C5+2) (14b)

S; = sinh(2L,/kT) (14c)

C; = cosh(2L;/kT) (14d)

(see for example Syozi 1972).
The conversion of the expression for R to triangular lattice parameters is most
readily accomplished by using the form

_CH GG GGG GGG Si+85+85+2Ci10,C+2 (13)
5253 ‘ SlSS SISZ SISZS3 .

The expression for R given by Baxter (1975) can be regained after a moderate
amount of algebra.

The whole derivation can be repeated for lattices with two sublattices and a
coordination number of four.

The factor F has the form

R

F=Agrp+a)+Ao(rg+b)+Aso(ro+c)+Aso(ro+d)
+a(re+a)o(ro+b)ol(ro+c)o(ro+d)
X (Dyo(ro+a)+Dyo(ro+b)+Dso(ro+c¢)+Dyo(ro+d))
+ even-spin terms. (16)
The simultaneous equations are
{(a(ro+a))=16A, (and 3 other similar equations) (17a)
{o(ro+a)a(ro+b)o(ro+c))y=16D, (and 3 similar equations) (17b)

and, taking the limit so that we can put A; = A and D; = D and considering only
isotropic lattices:

{o(ro)) = (2a ~1)(BA +8D)+ (28 —4)(4A — 4D) (17¢)

(ag(ro)a(rot+a)o(ro+b))=(2a —1)(8A +8D) (17d)
where

a=1/(1+u? (18a)

B=1/(1+u) (18b)

=exp(—4BJ) (18¢c)
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which leads to the solutions

Mi;/M=(5-2a-B)/Qa-B+1)=(1-3u—-u’>-5u>/(1-u)’ (19a)
M#/M =Q2a—-1)(3-8)/Qa-B+1)=10+u)1-3u)/(1-u). (19b)

Results (19a) and (19b) apply to both square and diamond lattice Ising models.
For the square lattice the form of M7 is independent of which two neighbours of r,
are indexed by @ and b, so that we have

M3 /M =(000001002) = (T00001011). (20)

The solution for M$/M given by (19b) agrees with the expression for (ggo001011)
obtained by Baxter (1975) by equating M5 on the square lattice to M5 on a triangular
lattice with one interaction set to zero. Pink (1968) has calculated (g o0001002) for the
square lattice, His expression for this correlation appears to differ from (19b),
incorrectly including a factor of i

The calculations of Ms/M and M5 /M for the diamond lattice are quite surprising
as none of M¥, M3, M have been calculated exactly in this system.

3. Conclusion

As mentioned in the introduction it is also possible to derive R for the triangular
lattice using the method of partial generating functions.

Sykes et al (1973) showed how the partition function for the honeycomb Ising
model in a field H can be equated to the partition function of an Ising model in a field
H' with a nearest-neighbour interaction J and a three-site interaction Js, i.e.

]nZH(L’H)=f(L’ H)+antri(Hl9J’]3)

where explicit expressions for H', J, J; as functions of L, H are known.
Differentiating with respect to H gives

oH' @ o] 8 oJ5
My= +— . — +— = =
H oH aH'I"Z‘" oH " aJ oy M &t oH aljlnz'"

In zero field, 6J/0H vanishes, J5 vanishes and we have My = M,;; by the star-triangle
transformation so that

aH ! aJ.
Mtri - Mtn aI_;

M;
from which M;/M,;; can be calculated.

The fact that M3/M can be expressed purely in terms of the transformation used in
setting up the method of partial generating functions means that M; and M cannot be
regarded as independent checks of series expansions obtained by this method. To be
more precise, if full use is made of the sublattice symmetry either as a check or as
‘input’ information for the expansion technique (Sykes et al 1975) M and M; can be
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regarded as independent checks on the algebraic manipulation but are not in-
dependent checks on the input combinatorial information.

It appears that generalisations of these methods to other models will not produce
results as simple as those obtained here. Relations for even-spin expectations do not
simplify because there is no variable common to both sublattices which can take on
the role of M. Extensions to other models such as the Potts models are unlikely to be
simple because of the many different order parameters possible (see, for example, the
number of different terms involved in partial generating functions, given by Enting
1974a, b).

Appendix 1. Probability distributions on Ising models

The basis of statistical mechanics is that expressions Z - exp(—E/kT) are of the
correct form of joint probability distribution, Gibbs probability distributions, for
calculating thermal averages. The calculations presented in § 2 are based on the
possibilityof factorising this probabilitydistribution into a probability for o(ro+a),
o(re+b), o(ro+c¢) and a conditional probability of o (ro) given its three neighbours.
These conditional probabilities are given by

Plo(ro)la(ro+a)o(ro+b)o(ro+¢))= G(ro) ' exp(—=Eu(ro)/kT) (A.1)

which takes values a, 1 —«, B;, 1 — B..

There is a converse result that Gibbs probability distributions are the most general
self-consistent distributions that can occur in a system defined by a conditional
probability structure. This result has been proved (to varying degrees of generality) by
Dobruschin (1968), Spitzer (1971), Sherman (1973), Grimmet (1973), Preston
(1973), Moussouris (1974) and others.

One point that should be emphasised is the importance of the symmetry constraint
on the conditional probabilities. Besag (1974) has considered conditional probability
structures on lattices that could be regarded as completely asymmetric. The con-
ditional probabilities are associated with a partial ordering of lattice sites so that
probabilities for a given site depend only on predecessor sites. These models have
been shown to produce probability distributions equivalent to those of more general
Ising models (Enting 1977a). (See also Welberry and Galbraith (1973, 1975), Wel-
berry (1977a, b) for further work on these systems.) Although Enting (1977b) used
these ‘one-way’ models or growth models to investigate the honeycomb-triangle code
system, the probability distributions occurring coincide with the zero-field dis-
tributions used in §§ 2 and 3 only at infinite temperature.

There is however a closer connection between these growth models and the
conditional probability formulation of the honeycomb Ising model. If one sets up a
hexagonal close packed lattice with triangular lattice layers one can define a three-
dimensional growth model using the order of layers to define the required partial
ordering of sites. If one uses probabilities of the form (A.1) as the conditional
probabilities of the growth model then pairs of layers of the Hcp lattice will have
two-dimensional honeycomb Ising model distributions of spins. It was the observation
of Ising-like distributions in layers of three-dimensional growth models by Welberry
(private communication) and discussions of the connections between layers which
suggested the possibility of calculating M1/ M.
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Appendix 2

The connection between iriplet order parameters and clustering properties of trian-
gular Ising models follow: directly from the work of Sykes et al (1975). Put

M=%Z(N—2n)exp(—E/kT)/Z (A.2)

where N is the number of sites on the lattice, ¢ stands for configuration and n is the
number of down spins in a configuration.

M;= %Z(ZN —12n +8b ~8t)exp(— E/kT)/Z (A.3)

where b is the number of edges on the lattice with both ends ‘down’ spins and ¢ is the
number of elementary triangles of down spins.

We can define a cluster order parameter, A, as the difference between the number
of clusters of ‘down’ spins and the number of clusters of ‘up’ spins. The up clusters will
occur as holes in down clusters. Normalising gives

A=%Z(c —h)exp(— E/kT)/Z. (A.4)
Sykes et al (1975) show geometrically that

c—h=t-b+12 (A.5)
whence

A=(M—-M,)/4. (A.6)
References

Barber M N 1976 J. Phys. A: Math. Gen. 9 L61-3

Baxter R J 1975 J. Phys. A: Math. Gen. 8 1797-805

Baxter R J, Sykes M F and Watts M G 1975 J. Phys. A: Math. Gen. 8 245-51

Besag J 1974 J. R. Statist. Soc. 36 192-236

Dobruschin R L 1968 Probability Theor. & Appl. 13 197-224

Enting I G 1974a J. Phys. A: Math., Nucl. Gen. 7 1617-26

—— 1974b J. Phys. A: Math., Nucl. Gen. 7 2181-97

—— 1977a J. Phys. C: Solid St. Phys. 10 1379-88

—— 1977b J. Phys. A: Math. Gen. 10 1023-30

Grimmet G R 1973 Bull. London Math. Soc. 5 81-4

Moussouris J 1974 J Statist. Phys. 10 11-33

Pink D A 1968 Can. J. Phys. 46 2399-405

Preston CJ 1973 Adv. Appl. Probability 5 242-61

Sherman § 1973 Israel J. Math. 14 92-103

Spitzer F 1971 Am. Math. Mon. 78 142-54

Sykes M F, Gaunt D S, Essam J W and Hunter D L 1973 J. Math. Phys. 14 1060-5

Sykes M F, Watts M G and Gaunt D S 1975 J. Phys A: Math. Gen. 8 1441-7

Syozi I 1972 Phase Transitions and Critical Phenomena vol. 1, eds C Domb and M S Green (New York:
Academic) chap. 7

Welberry T R 1977a Proc. R. Soc. A 353 363-76

—— 1977b J. Appl. Crystallogr. submitted for publication

Welberry T R and Galbraith R 1973 J. Appl. Crystallogr. 6 87-96

—— 1975 J. Appl. Crystallogr. 8 636-43

Wood D W and Griffiths H P 1976 J. Phys. A: Math. Gen. 9 407-11



